
s I s. 1 

aA 3 "-- ! Adx,  bAa = - -  t AUds ,  
6 b 

we obtain 

# =  ( 1 2 a ) ( l  ~ l _ ~ b a -  1). (A5) 

It follows from (A5) that k = ~ k2(M) for k(M) <<*/~, and that k ~ ~ k(M) for k(M) >>z/~. 
We note that Uo(M) = -- 2M(M-- 1)2/(2 -- M)a(2M-- I) is not small for all considered Mach num- 
bers M and the well cannot be regarded as shallow. 

The author thanks L. I. Rudakov for discussions on the work and V. I. Petviashvili for 
useful critical remarks. 
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CALCULATION OF TOROIDAL INDUCTIVE ACCUMULATORS WITH A D-CROSS SECTION 

FROM PARAMETERS OF A DISCHARGE PULSE AND OF THE CHARGING DEVICE 

I. A. Ivanov, V. V. Sizov, and V. A. Trukhin UDC 621.039.6 

One method of increasing the power of the discharge pulse of an inductive accumulator is 
based on the use of a scheme with a switch-over: With charging, the sections of the accumu- 
lator are connected in series and with discharge, in parallel. In this case, rigid require- 
ments are imposed on the symmetry of the cross section. Such requirements are satisfied by 
constructions with a toroidal field (another of their advantages is the absence of scattering 
fields). In [I] it is shown that, for windings on a thin busbar , with a width increasing pro- 
portionally to the radius (an s-coil), for a thin conductor of constant width [2] (an l-coil), 
there exists a profile with which the pressure of the toroidal field is balanced by the volt- 
age of the curved part of the coil. The internal rectilinear section of the coil is subject 
to compression in the direction of the principal axis and to longitudinal elongation. In a 
construction with such a profile, with uniform equilization of the radial compression, the 
action of the bending moments is everywhere completely excluded. The form of the profile, 
with which the winding does not undergo the action of the bending moments, is called a D-sec- 
tion. A construction with a D-section is optimal with respect to mechanical strength. In 
[i] it is shown that such a construction is also optimal with respect to energy capacity. 
Therefore, in comparison with other variants of toroidal constructions in coils with a D-sec- 
tion, the specific parameters are found to be the highest. 

i. Method of Calculation 

The form and the dimensions are determined by two parameters: the mean radius ro = (r: + 
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r2)/2 and the toroidal character ~ = (ra -- r:)/2ro (r:, r2 are the internal and maximal ex- 
ternal radii of the coil). In addition, any real construction has a tumor finite thicknesS. 
Here it is postulated that the thickness of a turn d is everywhere constant, and small in 
comparison with a given characteristic dimension. In this case, the coefficient of thestress 
is obtained by multiplication of the permissible elongatlonal stress of the material of the 
coil o by its thickness d. Thus, for calculation of the constructional dimensions and weight 
of the winding of a toroidal inductive accumulator with a D-section, we must dispose of three 
independent relationships, connecting ro, E, and d with given electrical and energy param- 
eters. For definiteness, we shall consider here the discharge of an inductive accumulator 
with breaking of each turn of the winding. 

There are assumed to be given: the energy of the inductive accumulator Wo, the maximal 
power of a discharge pulse Pa, the maximal value of the breaking voltage Va, and the param- 
eters of the charging device. If an electric transmission llne is used for charging the in- 
ductive accumulator, the sole parameter of the charging device is its power. Another source 
of the charge can be an electrical machine assembly, consisting of a turbogenerator with a 
flywheel (the connection with the inductive accumulator is effected through a transformer- 
rectification device). 

In this case, in addition to the maximal power Po, there must be given the maximal energy of 
rotation Ko and the energy of rotation Kf which remain in the electric machine assembly at the 
end of a charging cycle. For a charging device and for the discharge pulse, by the maximal 
power there is understood its reactive value, i.e., the product of the maximal values of the 
current and the voltage. 

For convenience, in accordance with the adopted definition of Pa we introduce the nota- 
tion 

Y = NIo -- PJV,, 

(N is the number of turns; Io is the charging current) and the dimensionless variables x = 
r/to and ~ = z/ra. In the calculation, we use 

a) the condition of the equilibrium of the curved section of a turn 

p .  = od(kl -5 k2), (I. i) 

where PH is the effective magnetic pressure, and 

k~= ro 0 ~ ~,93/2 k~= (1.2) , r0 (i + ~,,)I/2 

are the principal curvatures of the axisymmetric shell (a prime means differentiation with 
respect to x); substitution of (1.2) into (I.i) gives a differential equation with the bound- 
ary conditions 

with x =  l - - ~ ,  $ ' =  + r  

"with x =  1-5  e. ~' = - - r  
(1.3) 

b) an expression for the energy of the inductive accumulator 

2Y~ W o = - j - r o  ~ [~Jdx;  (1.4) 

c) a relationship determining the value of the active resistance of the winding to a 
direct current under charging conditions, taking account of the data on the power and the 
voltage for a discharge pulse. 

This relationship is derived in the following manner. The expression for the resistance 
of the coil, neglecting the slight inhomogeneity of the distribution of the current density 
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over the cross section of a turn, can be written in the form 

pY 2 
R = ~ �9 (~), 

where 0 is the specific resistance of the material of the winding; the value of the function 
~(r depends only on the toroidal character and the type of the winding. On the other hand, 
with charging by an electric machine assembly, 

R -= gPo/to. 

The coefficient g depends on the parameters Ko, Kf, Wo, and is determined by a simple calcu- 
lation from the solution of a differential equation of the second order with constant coeffi- 
cients describing the charging process. From the equality of the two latter expressions, we 
obtain 

( ,oY:/nd)q~(e)  = gPo. (1.5) 

Calculation of the coil thus reduces to the solution of a system of three equations 
(1.3), (1.4), and (1.5) with the three unkfiowns ro, r ind d. 

For representation of the solution in compact form, we introduce the following three 
parameters with the dimensionality of length: 

py-" c2Wo Y t 
a3 = 2e a l=  ~gPo' a., = 2 y 2 ,  (~o)t/2. ( 1  6 )  

2. s-Coil 

It is postulated that the turns are rigidly interconnected and that the construction 
can be regarded as a shell with two curvatures. The equilibrium equation (I.i) can be writ- 
ten in the following fashion: 

,(Y), 
2~ro 7 u  = a d ( k  l q - k ~ ) ,  

where k~, ka are determined by formulas (1.2). The solution of the system (!.3)-(i.5) in 
this case can be represented in the form 

d = a ~ % ( s ) ;  

a 2  " 
ro F 8 (~) ' 

r 2 ~ = z~ (~). 

(2.1) 

(2.2) 

(2.3) 

Here 

t + r  

[ 
t--8 

~ l S  

I--8' 

i - - e  1 4 - e  x 
( . d : ~  = 2 l n q - - " ~ - - l n  l - - s  

dz/s [_~/ '-T"e\2 (I.~.) e l~-g x ,2],/2, 
[ln'T"~--~) - -  ~Inq-L-~--In T-L--~] J 

with x = 1 + ~, ~ = O. 

t - - g  

Fs(e)= . -~z ~ l n  xdx-k~i~ln  t - s '  

I--8 
1 - -  ~ F s (e) [d~idx,  % ~ ( s ) - - - - l n f _ s  �9 (a) 

i + ~  s 
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The maximal energy density and the volume of the material of the winding are calculated 
using the formulas 

2) r- ~ F~ (~) . 
~- smax = 2ncea~ (I-- ~)"' 

Vs = 4~a,a2 ~ e~ (~) G (~). 
. ~.,.,~) ' 

1+e 

f[ " G~ (~) = z I +~dXl, j + ~i,(l -- ~). 

(2.4) 

(2.5) 

3. Z-Coil 

In this case, the pressure of the field at the surface, rising proportionally to the 
radius, is compensated by the voltage of a turn of constant width only across the lines of 
force; therefore, Eq. (i.I) assumes the form 

2 a  ( i  - ~) r~ x = ~ c l k , .  

Solving the system of equations for an l-coil, we obtain 

d = a,q)tfe); (3.1) 
o., 

r0= Fti~; (3.2) 

"::., = Xt (~), (3.3) 
a~ 

where 

--~ i t I +-e .... . 

t" 'd  ~ i i  n o 1 F,(~)= ,, l-~z ) x d x - : - , u h ,  I - - ~ '  
|"F~ 

Xl (~)  = ~ In  .F-- -~  ~)l ~ )  ' 

I I e x 

T In T-Z-~)- [ h' T-Z-~ - .T In -i-Z-/) j 

~t l  = - : -  ~ d: : ,  

I/2 ~ 

with x = 1 + c, ~ - O. 

The formulas for the maximal energy density and the volume of the material of the winding 
are written in the form 

r= ~ ~.~ (3.4) 
l m a x  _~c-aj (1 - -  ~:Y'-' 

4na~ (In l--e~2 (3,5) 
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4. s/-Coil 

A construction with turns expanding proportionally to the radius (as in an s-coil), but 
without a rigid connection between the turns (as in an /-coil), we call an s/-coil. In this 
case the equilibrium equation 

I ( y ) e  
9 " ~ = a d k l  
_2"i F'~ 

is completely solved analytically (in the preceding cases, an analytical expression can be 
obtained only for the first integral). 

The solul:iOn of the system has the form 

d ~-~ al(~Dsie ; 
(/., 

r ~  Fs I ie )  ' 

,~1~2 = Z~z ( s ) ,  
a ~  

where 

ue 1 
(b~z (e) = l ' i  " a"- 1 - -  ~ '  

tmg 

Fsz (e) = d~ In  xdx  ~ ~lsl In  1 - -  e ' 

28 F~I (e) 
l ~  (s)  = 1 - e ">- % l  ( e ) '  

1 

The volume of material of the winding 

- F :z  (e) ! 

(4.z) 

(4.2) 

(4.3) 

(4.4) 

The formula for determining the energy density in an s/-coil is analogous to (2.4). 

5. Results of Calculations 

The most labor-consuming part of the calculation consists in calculating the dependence 
of the functions Fs, ~s, Gs, F1, ~l, and Fs/ on s, determined by complex integrals with singu- 
larities of the functions under the integral signs at the upper and lower limits. The func- 
tions and their combinations were calculated on an electronic computer. The interval of val- 
ues of g for ans-coil is limited by the limiting value of the toroidalcharacter e, =0.564 ..., and 
for l- and s/-coils, g, = I. 

The results needed for calculation of s-coils are given in Fig. i. Figure 2 shows a 
curve of the function which is used to determine the weight of the winding. 

Results relating to calculation of l- and s/-coils are given in Figs. 3 and 4. 

The construction is calculated in the following manner. Formulas (1.6) are used to find 
al, aa, a3 and the ratio ala2/a~, equal to the value of thefunctions Xs(C) (2.3),X/(S) (3.3), 
or Xs/ (E) (4.3). The curves of these functions (see Figs. i, 3, and 4) are used to find the cor- 
responding values of c. From the known values of s, returning to Figs. 1-4, and using formu- 
la (4.4), we find the numerical values of all the necessary functions, which are then substi- 
tuted into (2.1), (2.2), (2.4), and (2.5) for calculation of an s-coil, into (3.1), (3.2), 
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(3.4), and (3.5) for an Z-coil, or into (4.1)-(4.3), and (2.4) if an sZ-coil is being calcu- 
lated. 

During theprocess of the calculations it may be found that the relative thickness of 
the winding is too great and cannot be calculated like a thin winding. In this case, the 
dimensions of toroidal constructions can be brought into correspondence with the starting 
assumptions if the value of e is lowered, for which the value of the function •162 must be 
decreased. If the ratio a,aa/a~ is expressed in terms of the parameters of the electric- 
discharge system, it is then found that 

X(e) : 2c~paWo/gPoY ~. 

While it is impossible to decrease We, it is possible to calculate a construction with an in- 
creased reserve of strength, giving lower values of o. Still another possibility is connect- 
ed with an increase in Po. However, in this case it is advisable to change the method of cal- 
culation, giving, as one of the starting parameters, the coefficient of the energy losses 
with a rapid leadout. 

6. Calculation of Toroidal Inductive Accumulators 
from a Given Coefficient of the Losses 

In a toroidal inductive accumulator, the energy included in a volume within which the 
magnetic lines of force penetrate the turns, with a duration of a discharge pulse which is 
short in comparison with the time of diffusion to a depth d, is dissipated by eddy currents. 
The ratio of this energy to Wo is determined by the coefficient of the losses u. It can be 
shown that for a coll with a thin winding, in the first approximation u = d/roe. 

As an example, we give the solution of the starting equations with the calculation of 
an Z-coil for the case where the number of given parameters excludes Po, Which is replaced 
by the parameter U (here the parameter el, depending on Po, is determined as the result of a 
calculation): 

ro = a~/Fz(~); (6. i) 

d = ~=~/fz(~); (6.2) 

1 . I ~8F2 - - - m ~  (~); (,6.3) 

a, = aa=s/'Ft (s)O~(s). ( 6 . 4 )  

The value of e is determined using (6.3). Further, the values of to, d, a, are determined 
using formulas (6.1), (6.2), and (6.4). Substituting a~ in (1.6)yields the value of Po. s- and 
sZ-coils are calculated in analogous fashion. 

The authors wish to express their thanks to A. V. Gubarev and V. D. Shafranov for their 
valuable advice and observations. 
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CALCULATION OF THERMAL STRESSES ARISING IN ELECTRICALLY CONDUCTING 

MATERIALS WITH THE PASSAGE OF A HIGH-CURRENT PULSE 

S. A. Bslankin, L. P. Gorbachev, E. G. Grigor'ev, 
and D. M. Skorov 

UDC 539.319 

A high-current pulse, passing through a rod, whose duration is less than the period of 
the free vibrations of the rod, sets up thermoelastic vibrations in the rod [!, 2]. A calcu- 
lation of the stresses arising in a vibrating rod was made in [2], taking account of the tem- 
perature dependence of the elastic modulus, under the assumption of a homogeneous distribu- 
tion of the current. 

Neglect of the skin effect in a conductor is not always justified. If the radius of the 
rod exceeds the thickness of the skin depth, the inhomogeneity of the distribution of the 
current density must be taken into consideration [3]. An inhomogeneous distribution of the 
current in a conductor with a high-frequency electrical pulse sets up a temperature gradient 
and brings about thermal stresses in the material of the conductor [4]. 

In the present work a calculation is made of the thermal stresses in a sample, subjected 
to heating by a current pulse, taking account of the skin effect; the statement of the elec- 
trodynamic problem coincides with the statement of the problem in [3]. For a description of 
the process of pulsed heating, the equations of electrodynamics are supplemented by the equa- 
tions of thermal conductivity and elasticity [5] 

aT , E aT c~ au z a (x aT\ , 
CvgF - t - 2 t ,  C 3 at az z = azz-- \ "-~xz) v - Q ( x ' t ) ;  (1) 

a2u i aTlm , 

P a-TV--' ---- az-----~-;-Fz,~ /, m----1, 2, 3, (2) 

where T is the temperature; c v is the specific heat capacity; E is the Young modulus; ~ is 
the Poisson coefficient; ~ is the coefficient of volumetric expansion; Q is a function, de- 
scribing the Joule heating of the sample; Tim is the tensor of the internal stresses; u I are 
the components of the vector of the deformation; p is the density; F l is the component of the 
volumetric forces acting on the sample. 

We consider the quasi-steady-state electrodynamic problem with a constant conductivity 
~. The condition of the quasistationary character of the electromagnetic field for conduc- 
tors with a length of ~i m is satisfied for pulses with a duration At~10 -6 sec. Ohm's law 
is applied in its simplest form: 

where Jl is the current density; E l is the intensity of the electrical field. 

In such a statement, the electromagnetic problem is solved separately from the equations 
of thermal conductivity and elasticity. Under the assumption of the presence of axial sym- 
metry of the problem, the current density has one component differing from zero, jz(r, t) = 
j(r, t), for which the equation has the form 
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